We prove that an extension of an invertible, multiply-recurrent infinite measure preserving transformation is also multiply-recurrent.
Introduction and statement of result
X is multiply recurrent if it is d-recurrent for all d ≥ 1. We call a set A ∈ B for which equation (1) holds a k-recurrent set. Furstenburg [3] proved that any finite-measure preserving system is multiply recurrent and showed this is equivalent to Szemerédi's theorem [5] : Theorem 1.1 (Szemerrédi's theorem) There exists a function L0(δ, l) defined and finite for δ > 0 and a natural number l, so that if L ≥ L0(δ, l) and S ⊂ {1, 2, . . . , L} is a subset with |S| ≥ δL, then S contains a nontrivial l-term arithmetic progression.
In this note prove the following theorem: Theorem 1.2 If an invertible measure preserving system Y is multiply recurrent, so is any measure preserving extension X of Y.
This gives a partial answer to a question raised by Aaronson and Nakada [2] , which asked whether d-recurrence, or at least multiple-recurrence is preserved under similarity. When one restricts to invertible transformations, theorem 1.2 extends the following result by Innoue: Theorem 1.3 (Innoue [4] ) If the measure preserving system Y is multiplyrecurrent, then so is any isometric extension X of Y.
Factors, extensions and similarity of measure preserving transformations
To explain the term 'similarity' in this context, we recall some notions from infinite ergodic theory introduced by Aaronson [1] .
If there exist a c-factor map from X to Y, for some c ∈ (0, ∞), we say that X is an extension of Y, and Y is a factor of X. Two measure preserving transformations are similar if they have a common extension. Evidently, similarity is an equivalence relations of measure preserving systems. Finite measure preserving systems form an equivalence class of similarity.
Note that any 1-factor of (X, B, µ, T ) corresponds to a σ-finite σ-algebra C ⊂ B which is sub-invariant with respect to T : T −1 C ⊂ C. A factor is invertible iff the corresponding σ-algebra C is T -invariant:
Proof of main theorem
We now turn to prove theorem 1.2. Suppose Y is an invertible measure preserving transformation, and X = (X, B, µ, T ) is an extension. We need to show that any set A ∈ B with 0 < µ(A) < ∞ is multiply recurrent. By re-normalizing the measures, we can with out loss of generality assume that Y is a 1-factor of X = (X, B, µ, T ). We identify Y with a sub-σ-algebra of C ⊂ B which is T -invariant: T −1 B = B. The disintegration ("conditional expectation") of µ over the σ-algebra C is a function ρ : X × B → R+, such that for every A ∈ B, the map x → ρx(A) is C-measurable, and ρ satisfies the relation:
and for any k ∈ Z T k C = C , it follows that ρ T k x (A) = ρx(T −k A) for almost any x ∈ X. Naturally, we can define ρx(f ) for any non-negative B-measurable function f , by letting ρx(1A) = ρx(A) and requiring σ-additivity of ρx.
Let A ∈ B with 0 < µ(A) < ∞, and let
We set some ǫ > 0, so that µ(Bǫ) > 0. Note that B ∈ C, since x → ρx(A) is C-measurable. By multiple recurrence of the factor Y the set B ∈ C is multiplyrecurrent. Thus, for any M ∈ N there exist n ∈ N such that µ(
In particular, the set
has positive measure. Choose M > L0(ǫ, l), as in Szemerédi's theorem (theorem 1.1), so that any subset of density ≥ ǫ in {1, .., M } contains an arithmetic progression of length l.
contains an arithmetic progression of length l. It follows that there exist d > 0 such that µ( T l j=0 T −jnd C) > 0. Since C ⊂ A, and A was an arbitrary set in B with positive measure, it follows that T is multiply recurrent.
Conclusion
It is straightforward that d-recurrence passes to factors. Thus, theorem 1.2 above states that multiple-recurrence is preserved under similarity for invertible transformations. Had we shown that the natural extension of a multiply recurrent measure preserving transformation is also multiply recurrent, we could conclude that theorem 1.2 holds also for non-invertible transformations. It is worth noting that Innoue's result on multiple-recurrence for isometric extensions does not require the base transformation to be invertible.
Whether d-recurrence is preserved under similarity is an open question. It is also unknown if for some k ≥ 2 there exist n k such that any extension of an n k -recurrent transformation is k-recurrent. On the other hand, no examples are known where Y is d-recurrent for a given d ≥ 2 but some extension of Y is not.
